Abstract. The formation of slough (dead tissue) on a wound is widely accepted as an inhibitor to natural wound healing. In this article, a system of differential equations that models slough/wound interaction is developed. We prove a threshold theorem that provides conditions on the amount of slough to guarantee wound healing. As a state-dependent time scale, debridement (the periodic removal of slough) is used as a control. We show that closure of the wound can be reached in infinite time by debriding.
Introduction
Everyone has received minor wounds that are expected to heal in a reasonable amount of time. However, for more serious scrapes, cuts, and sores, the natural healing process may not sufficiently close the wound. Different factors exasperate wound healing to the extent that some wounds slowly or never heal. Diabetics, the elderly, and others with low mobility or poor circulation may encounter wounds that sometimes become chronic, especially if the wound is located on a pressure area, such as the bottom of a foot.
A slow healing wound tends to collect dead tissue or debris, called slough. In order to facilitate healing, slough is periodically removed. This procedure is called debriding the wound or debridement [1] . Although there is no existing clinical data supporting debriding as a method for accelerating wound healing, the practice is widely accepted and used in the medical community [3] . Indeed, there are many methods for debriding a wound, which can range from surgical techniques to the application of leeches [3] .
In the next section, we develop a model that describes the wound-healing process taking into account the slough-wound interaction in the absence of debriding. We verify the existence of nonnegative solutions, evaluate local stability results, and prove a threshold theorem for the model.
In Section 3, we consider how to control non-healing wounds through debridement.
We prove that debriding the wound at particular points in time (dependent on slough size) will force a non-healing wound to heal. Additionally, we provide conditions on when to discontinue debriding and allow the natural healing process to fully close the wound. Finally, a summary of conclusions is provided, as well as suggestions for future research.
A Model of Wound Healing
In order to efficiently model the wound-healing process, a measure for the magnitude of the wound is required. Both subjective and objective evaluations of wound size have been used to study wound healing. Objective measures of wound size are usually based on the area of the wound [4] . Typically, data is provided for the change of the area of the wound. It is generally assumed that the change in the area of the wound follows a linear rate of healing even though it may not always be the case [3] .
Utilizing the information provided in experimental investigations, we set up the following assumptions:
1. In the absence of slough, the rate of decrease in wound area heals at a linear rate proportional to the area of the wound.
2. Slough forms at a logistic rate proportional to the area of the wound. That is to say, initially slough will develop exponentially. This term is based on the law of mass action.
Since we are investigating interactions between wound and slough area, the state variables are given by A(t) = the area of the wound at time t in square cm S(t) = the area of the slough at time t in square cm.
The assumptions, state variables, and parameters are formulated into the following system of differential equations and initial conditions:
The first term in Equation (1) represents the natural healing process in the absence of the formation of slough. This term is modeled using the criteria in Assumption (1). We then add a positive reaction term to represent the contribution of slough to inhibiting natural wound healing. The parameter, p, represents the effective rate of interaction between S and A.
In the absence of slough, we expect the slough to grow exponentially with respect to A, similar to bacterial growth. The parameter δ represents a death rate of slough and we require δ > r. Factoring rA from Equation (2) yields
Proportion constant for rate of healing in absence of slough. 0 < h ≤ 1 p Effective rate of interaction between slough and wound. 0 < p ≤ 1 r Proportion constant for growth rate of slough. 0 < r < δ ≤ 1 δ Proportion constant for death rate of slough. 0 < r < δ ≤ 1 Table 1 . Parameter values, their meanings, and restrictions on the parameters.
this equation has the logistic behavior desired in Assumption (2) . The parameter values, their meanings, and restrictions on the parameters appear in Table 1 .
The following theorem from [5] provides the existence and nonnegativity of solutions to the wound-healing system.
Lipschitz function from IR n + into IR n that is quasi-positive:
Under these circumstances, the ordinary differential equatioṅ
has a unique, noncontinuable, nonnegative solution,
A quick computation shows that the right hand side of Equations (1) and (2) satisfy the quasi-positivity criteria from Theorem 2.1. Hence, the solutions to the woundhealing model are nonnegative. By nonnegativity of solutions, S(t) ≤ A(t). This is due to the fact that S(t) initially increases. If at some time t, S(t) = A(t), then Equation (2) becomes negative,
Note that A cannot be zero at this point, because then S would also be zero at this point and A = S = 0 is an equilibrium solution. By uniqueness, a nonzero solution cannot intersect the zero solution. Since S is decreasing at this value of time, S cannot grow larger than A. In fact, if the solutions are defined for all time and lim t→∞ A(t) = 0, the condition 0 ≤ S(t) ≤ A(t) forces S(t) to likewise converge to zero as desired.
There are two equilibria for the wound-healing model: A = S = 0 and A = δh/rp, S = h/p. Computing the eigenvalues of the Jacobian verifies that the zero equilibrium is locally stable and the second equilibrium is a saddle. The isoclines of the wound-healing system of differential equations are graphed in Figure 1 ; these partition the plane into different regions where the dynamics are also indicated in Figure 1 . Numerical solutions to the system are generated in Figure 2 . The graph on the left in Figure 2 illustrates an example where the wound heals. The graph on the right in Figure 2 shows an example where A(t) is growing without bound. Proof. Assume that t = t * is the first time value in [0, β) where S(t * ) = h/p. Then clearly, S(t) is increasing on a nonempty interval before t * . We claim that there exists a nonempty interval (t * ,t),t ≤ β, on which S(t) is monotonically increasing.
Suppose not. If S(t) is constant or decreasing after t = t * , then S (t * ) = 0.
This means S(t * ) = h/p and A(t * ) = δh/rp and the solution to the system has intersected an equilibrium solution. This violates the uniqueness property guaranteed by Theorem 2.1 and so S(t) must be increasing on the nonempty interval (t * ,t). We claim that S(t) is monotone increasing on (t * , β). To see this, assume on the contrary that there is at ≥t, where S (t) = 0 and S (t) < 0 on some open interval aftert (See Figure 3) . We are assuming here that t =t is the first time value aftert with this property.
Since S(t) > h/p, A (t) = pA((t))(−h/p + S((t)) > 0. Calculating the second derivative of S at t =t through Equation (2) yields
which implies that S is concave up att. But as Figure 3 indicates, S must be concave down att and we arrive at a contradiction. Therefore, S is increasing on [t, β).
Lemma 2.2 provides the condition needed to arrive at a general threshold theorem for the wound-healing model. This is a contradiction. Hence, S is strictly less than h p for all t > t * . By the Threshold Theorem, lim t→∞ A(t) = 0.
The Effect of Debriding on Wound Healing
As discussed in the introduction, there are many methods of debridement. Although there is experimentation with alternate debriding procedures, such as the use of leeches, the standard debriding technique involves a visit to the doctor every fixed number of weeks to surgically remove the slough [4] . Our model investigates the dynamics of wound healing under surgical debridement.
We are interested in debriding in the case where there exists a time t where S(t) = h/p. The threshold theorem in Section 2 indicates that slough removal when S(t) = h/p will force A(t) to always be a decreasing function. Based on this concept, we formulate the debriding problem as a state-dependent differential difference equation in the following manner.
Suppose that the first time S = h/p is at t = t 1 . Then we integrate (1) and (2) from t = 0 to t = t 1 . At t = t 1 we reset the initial conditions to A(t 1 ) = lim t→t However,
So S(t) is not growing as fast initially on [t i+1 , t i+2 ) as it did on [t i , t i+1 ), Thus, S(t) takes longer to reach h/p on [t i+1 , t i+2 ). This implies that |t i+1 − t i | an increasing sequence and therefore violates the Cauchy condition. Hence, t i → ∞. The infinite time reachability of the zero solution is proved in the following theorem.
Theorem 3.1. (Reachability) If we debride when S(t) = h/p, then the solution,
, for the differential difference system of equations exists for all time. Since A d (t) is monotone decreasing and bounded below by zero, we know that A d has a limit. This implies that In addition, general theory could be developed on dynamic systems on statedependent time scales following the concepts in [2] .
